We explore the possibility of dynamical quantum phase transitions (DQPTs) occurring during the temporal evolution of a quenched transverse field Ising chain coupled to a particle loss type of bath (local in Jordan-Wigner fermion space) using two versions of the Loschmidt overlap (LO), namely, the fidelity induced LO and the interferometric phase induced LO. The bath, on the one hand, dictates the dissipative evolution following a sudden quench and on the other, plays a role in dissipative mixed state preparation in the later part of the study. During a dissipative evolution following a sudden quench, no trace of DQPTs are revealed in both the fidelity and the interferometric phase approaches; however, remarkably the interferometric phase approach reveals the possibility of inter-steady state DQPTs in passage from one steady state to the other when the system is subjected to a quench after having reached the first steady state. We further probe the occurrences of DQPTs when the system evolves unitarily after being prepared in a mixed state of engineered purity by ramping the transverse field in a linear fashion in the presence of the bath. In this case though the fidelity approach fails to indicate any DQPT, the interferometric approach indeed unravels the possibility of occurrence of DQPTs which persists even up to a considerable loss of purity of the engineered initial state as long as a constraint relation involving the dissipative coupling and ramping time (rate) is satisfied. This constraint relation also marks the boundary between two dynamically inequivalent phases; in one the LO vanishes for the critical momentum mode (and hence DQPTs exist) while in the other no such critical mode can exist and hence the LO never vanishes.
I. INTRODUCTION
The study of dynamics of quantum many-body systems driven out of equilibrium is a frontier area of recent research both from the experimental as well as the theoretical viewpoints . (For review articles, we refer to [28] [29] [30] [31] [32] [33] ). One of the emerging areas in this regard is understanding so called dynamical quantum phase transitions (DQPTs) introduced by Heyl et al. [34] . In a DQPT, non-analyticities manifest in the subsequent real-time dynamics of a quantum many-body system generated by the time-independent final Hamiltonian following a sudden or a slow ramping of one of the parameters of the Hamiltonian. An analogy can be drawn between DQPTs and equilibrium classical phase transitions by analysing the lines of Fisher zeros in the one-dimensional situation [35] , (see also [36, 37] ) in the complex time plane. Remarkably, these non-analyticities have been detected experimentally in a string of ions simulating interacting transverse field Ising models [38] . At the same time, the time evolution of a fermionic quantum gas in a hexagonal optical lattice, after a rapid quench from a topologically trivial system into a Haldane-like system (by quenching between a static and a Floquet Hamiltonian), has been studied and occurrence of DQPTs has been ascertained using momentumand time-resolved state tomography [39] .
Focussing on the one dimensional situation, let us assume that the system is prepared in the ground state * souvik@iitk.ac.in |ψ(0) at time t = 0 when a parameter λ of the Hamiltonian in suddenly changed from an initial value λ i to a final value λ f . DQPTs occur at those instants of time t when the evolved state |ψ(t) = exp(−iH(λ f )t)|ψ(0) , where H(λ f ) is time-independent final Hamiltonian, becomes orthogonal to the initial state |ψ(0) , i.e., the so-called Loschmidt overlap (LO), L(t) = ψ 0 |ψ(t) vanishes.
At those instants of time, the so-called dynamical free energy density (or the rate function of the return probability) defined as F = −(1/L) ln |L(t)| shows cusp-like singularities.
Following the initial proposal [34] , there have been a plethora of studies investigating intricacies of DQPTs in several integrable and non-integrable, one dimensional (as well as two dimensional) closed quantum systems occurring subsequent to a sudden change . However, similar non-analyticities do also appear when the initial state is prepared using a slow ramping protocol [69] [70] [71] . The possibility of the occurrence [72, 73] or the disappearance [74, 75] of DQPTs when a system is initially prepared in a mixed state, rather than a pure state, have also been reported. (For reviews on various aspects of DQPTs, we refer to [76] [77] [78] .) On the contrary, the fate of DQPTs for an open quantum system coupled to a bath is relatively less studied. Exploiting a fidelity based measure of the LO, a recent result [75] suggested that DQPTs following a sudden quench are likely to disappear in the presence of a bath except for a very fine-tuned situation.
In this work, we investigate DQPTs in a transverse field Ising chain which is coupled to a Markovian bath local in Jordan-Wigner (JW) space. In the first approach, the initial pure state density matrix is subjected to a sudden quench and the resulting dissipative post-quench dynamics in the presence of the bath is analysed. On the contrary, in the second approach the initial mixed state density matrix is prepared through a linear ramping of the transverse field from an initial to a desired final value in the presence of dissipation. The bath is then decoupled and one probes the signature of DQPTs in the subsequent unitary evolution generated by the final time-independent Hamiltonian. We note that decoupling of the bath to study the subsequent unitary evolution of a thermal state turns out to be relevant in the context of entropy generation in quenched closed quantum systems [79, 80] .
At the outset, let us summarise the problem addressed and the relevant results presented in the later sections along with a discussion on the organisation of the paper. In the first part, we have studied the non-equilibrium dynamics of a one-dimensional transverse field Ising model (TFIM) coupled to a Markovian, particle-loss type bath which acts locally on the JW fermionic space. We recall that a similar bath has been used in the context of heat generation (residual energy) in a dissipative linear ramping protocol [81] .
Throughout the paper, we shall make recourse to two versions of the LO: (i) the fidelity induced and (ii) the interferometric phase induced, as introduced in (Sec. II) where we also point to the fact that these measures satisfy all the properties of a metric and both correctly reduce to the pure state limit. In the beginning of (Sec. III), we look for the signature of DQPTs during the dissipative dynamics subsequent to a sudden change in the external magnetic field of the TFIM across a quantum critical point (QCP). It is then analytically established that the fidelity induced LO, being of positive semi-definite nature, is unlikely to capture dissipative DQPTs. Similarly, considering the interferometric phase induced LO (Sec. III B), we show that the system moves away from dynamical criticality as it evolves towards the dissipative steady state and hence no DQPTs are observed. On the contrary, we establish that remarkably, after a second quench starting from the first steady state, as discussed in the (Sec. III B 1), the system approaches another steady state with possible occurrences of DQPTs in the inter-steady state dynamics. These DQPTs are manifested only in the interferometric phase induced LO which preserves the Bloch sphere structure unlike the fidelity induced LO. The occurrence of this inter-steady state DQPT is unique to our study and to the best of our knowledge has not been reported before.
In (Sec. IV), we digress to the slow ramping situation and study a unitary evolution of a TFIM following a dissipative state preparation to probe the effect of an initial state of engineered purity on the unitary DQPTs. To prepare the desired mixed state, the external magnetic field of the transverse field is slowly ramped in the presence of a bath (Sec. IV A) and the subsequent unitary evolution is probed. In this case as well, for the fidelity induced LO, we analytically establish that depending on the time (rate) of the ramping and the time scale of the action of dissipation, the DQPTs are smoothened out (Sec. IV B). However, in the interferometric approach we observe that the DQPTs persist even up to a considerable loss of purity of the initial state as long as the dissipative coupling and ramping time (rate) satisfy a constraint relation (Sec. IV C) in terms of the population in different levels; this constraint relation, as we argue, marks the boundary between two dynamically inequivalent phases . This is in sharp contrast with the entirely unitary DQPTs following a sudden [34] or slow ramping [71] or even for sudden quench starting from a mixed state [72, 73] ; in all these cases no such bound exists. Finally, the experimental possibilities and the concluding comments are presented in (Secs. V) and (VI), respectively.
II. THE RELEVANT METRICS AND ASSOCIATED LOSCHMIDT OVERLAPS
Let us recall that a metric space can be defined as an ordered pair (S, d), where S is a set and d is a metric on S; one then defines a notion of distance function given by
(where R denotes the set of real numbers) such that for any x, y, z ∈ S, the conditions listed below hold true:
In the subsequent discussions, DQPTs are studied through the zeros of the LOs constructed out of two different metrics, the density matrix fidelity and the interferometric distance. The fidelity between two density matrices ρ and σ defined as [84] ,
necessarily satisfies all the conditions given in Eq. (1). For a quantum system evolving in time, one can thus obtain a fidelity-based LO
where ρ(0) is the initial density matrix and ρ(t) its time evolved counterpart.
On the other hand, in the interferometric phase approach a pure state version (purification) [85, 86] , |w ρ ∈ H w (H S ⊗ H A ) of a mixed state density matrix ρ is defined as
where H S is the Hilbert space of the system states and H A is that of the ancillary states and p i,ρ , |ψ i ρ are the eigenvalues and eigenvectors of ρ respectively. The original density matrix can be recovered by partially tracing out the ancillary states as
In a similar spirit, for a different density matrix σ, one rewrites Eq. (4) in the form:
Equipped with the definition of purification, one can proceed to define the interferometric distance [87] between density matrices ρ and σ
which evidently satisfies the conditions in Eq. (1) in the space spanned by the purifications H w . Focussing on a driven many-body quantum system, the density matrix evolves in time, resulting in an evolution of their corresponding purifications in Eq. (4). The purifications thus evolve in time as,
In the above, we have exploited the fact that that evolution operator does not operate on the ancillary states. Finally, we arrive at the LO defined in terms of the purifications as
In the subsequent discussion, we analyse the possibility of zeros of the LOs as defined in Eqs. (3) and (6) to detect the existence of DQPTs. It is straightforward to verify that both of these LOs reduce to the correct pure state limit.
III. DISSIPATIVE EVOLUTION FOLLOWING A SUDDEN QUENCH
In this section, we consider a one-dimensional TFIM, described by the Hamiltonian [82, 83] ,
where σ n s are Pauli spin matrices residing on the lattice site n, and study the post quench non-equilibrium dissipative dynamics following a sudden change of the transverse field h from an initial value h i to a final value h f . At time t = 0, the system is prepared in the ground state represented by the pure state density matrix ρ(0) = |ψ 0 ψ 0 | corresponding to the initial field h i . Employing a Jordan-Wigner (JW) transformation σ − n = e iπ( m<n c † m cm) c n from spin-1/2 to spinless fermions c n , the final Hamiltonian with field h f can be recast to the form
where L is the system size. Due to the discrete translational invariance of the system, after a Fourier transform with a periodic boundary condition the Hamiltonian in Eq. (8) gets decoupled for each momentum mode k and assumes the form,
in the 4 × 4 Hilbert space spanned by the ba-
We here consider the situation where the TFIM is coupled to a Markovian dissipative bath and thus the dynamics of the system is dictated by a Lindblad master equation which at time t is given by [88] ,
where the dissipator D is,
with the notation {A, B} denoting the anti-commutator between operators A and B. However, throughout this work, the bath is simulated by a decaying (particle-loss) type Lindblad operator,
such that L n stays local in the JW fermion space. The most remarkable aspect of such a Lindbladian is that, when Fourier transformed into momentum space it does not couple different momenta and consequently, the evolution dictating the dynamics can be decoupled in momenta to the form [81] ,
where, the dissipator
where L k = c k . Therefore, the time evolved density matrix ρ(t) also remains decoupled for each momenta mode, i.e.,
where ρ k (t) is obtained by numerically solving Eq. (13) which are 4 × 4 linear coupled differential equations for each k as elaborated in Appendix A. Hence, the complete dynamics of the TFIM can be analysed by inspecting the spectrum of the time evolved density matrix:
where p k j (t) and |ψ k j (t) are the eigenvalues and eigenvectors of ρ k (t) respectively.
A. Fidelity induced Loschmidt overlap
In this section, we follow a sudden quenching protocol followed by a dissipative evolution of the system density matrix, generated by a similar decaying Lindbladian. Starting from an initial ground state density matrix ρ k (0), the fidelity between the initial and the time evolved density matrix given by Eq. (2) can be evaluated for the mode k to obtain the form,
Referring to the spectral decomposition of ρ k (t) as in Eq. (16), we note that the system is initially prepared in the ground state so that for the initial density matrix ρ k (0), p (13), it is observed that ψ
Let us emphasise that p k 1 (t) and p k 4 (t) can only vanish in the steady state limit and furthermore the over-
Therefore the LO defined in the fidelity approach in Eq. (3) will not be able to capture DQPTs during the dissipative evolution as also observed in [64] .
B. Interferometric phase induced Loschmidt overlap
For a driven quantum system, the time evolution of the density matrix ρ k (0) results in an evolution of their corresponding purifications defined in Eq. (4). The purifications as defined in Eq. (4) evolve in time as,
Since the ancillary states do not evolve in time during evolution of the system, the LO in terms of the purification assumes the form:
Also, a dynamical counterpart of the equilibrium free energy density may be defined in terms of the LO as,
The corresponding purifications at the initial and at a later time for the above quenched dissipative evolution are respectively considered as,
and
where |ψ above conditions. The possibility of such occurrences of DQPTs being very rare, have not been studied further. Since the states |ψ k 1 (t) and |ψ k 4 (t) lie completely in the subspace {|1 k , |4 k }, it is sufficient to study the system density matrix in the subspace {|1 k , |4 k }, in the 2 × 2 form
where C k (t) = p k 1 (t) + p k 4 (t) and I is 2 × 2 identity matrix. The conditions for DQPTs (24) may be recast in terms of the initial and time evolved Bloch vectors as (Appendix B)n
for a critical mode k * . That is, n k * (t * ) and n k * (0) are antipodal on the Bloch sphere (see Fig. 1(a) ). This condi- . We reiterate that the time t is measured from the instant when a quench of the field is applied on the steady state SS1.
tion is similar to the case of DQPTs in completely unitary evolution where the quenched Hamiltonian generates a rotation of the Bloch vector n k * (t) on the Bloch sphere such that it satisfies the condition (26) at certain critical instants [34] . The motion being periodic, the dynamical free energy density as defined in Eq. (20) becomes nonanalytic periodically at the critical instants, signalling DQPTs. Despite, the similarities in the case of a dissipative evolution the Bloch vector is not restricted to lie on the Bloch sphere.
However for a Lindbladian evolution there necessarily exists a steady state density matrix such that,
The existence of the steady state restricts any periodic motion of n k (t) within the Bloch sphere ( Fig. 1(b) ). The approach to the steady state always moves the system away from the dynamical critical points resulting in a disappearance of the DQPTs for any non-zero value of κ. We note that, greater the deviation of unitary critical time, t * j from the dissipative time scale (κ −1 ), more rapid is the deviation of LO from zero (see Fig. 1(c),1(d) ).
Inter-steady state DQPTs
In the previous section we illustrated, that when the system is allowed to evolve in the presence of dissipation governed by the above Lindbladian following a sudden quench, the system reaches a dissipative steady state SS1 (ρ SS1 ) and the dynamical nature of the density matrix is lost. In this section, we consider a further quench of the transverse field (h) which eventually drives the system to a new steady state SS2 (ρ SS2 ) through a dissipative dynamics. We show that interestingly the occurrence of DQPTs during the evolution from the steady state SS1 to the steady state SS2 (see Fig. 2(a) ) is indeed possible.
Starting from an initial pure state characterised by a 2×2 density matrix ρ 0 , the dissipative evolution following a sudden quench drives the system to the steady state SS1. The transverse field is then again suddenly changed to a new value which further introduces dynamics in the system and accidental DQPTs are possible if at any time t * there exists a critical mode k * such that
wheren k * (0) now is the Bloch vector representing the initial density matrix ρ 0 ;n k * (t * ), on the other hand, is the Bloch vector representing the density matrix at time t * measured from the instant when the second quench is performed on the SS1. Thus the system may show a transition between two steady states separated by a DQPT associated with non-analyticities in the dynamical free energy density defined in Eq. (20) at the critical instant t * for some values of quenching amplitude and the dissipation strength (see Fig. 2(b) ). This observation indeed widens the horizon of the occurrence of DQPTs in open quantum systems and their experimental realisations as discussed below. These inter-state DQPTs are also possible for a dissipative evolution following a dissipative slow ramping state preparation discussed in the subsequent section.
IV. UNITARY EVOLUTION FOLLOWING A STATE PREPARATION WITH DISSIPATIVE LINEAR RAMPING
A. Preparation of the pre-quench state through ramping
In this section, we shall prepare the initial density matrix using a dissipative slow ramping and probe the occurrence of DQPTs in the subsequent unitary evolution. To achieve this, we now adopt a dissipative state preparation protocol through a slow ramping in the presence of the bath in such a way that the transverse field is varied across a QCP following the protocol:
where h i and h f are the initial and final fields, τ being the total quenching time (rate). In this process, the system gets prepared in the density matrix ρ(τ ); setting the origin of time at t 1 = τ , we then calculate the LO due to the unitary temporal evolution generated by the time-independent final Hamiltonian H(h f ) and explore the possibilities of DQPTs.
B. Fidelity induced Loschmidt overlap
Following the slow quench, the density matrix evolves unitarily under U k (t) = exp(−iH k (h f )t); thus, ρ k (t) = U k (t)ρ k (0)U † k (t) ; where ρ k (0) = ρ k (τ ) describes the system just after the drive is over, i.e., at time t 1 = τ and time t is measured from t 1 = τ . The distance between ρ k (0) and ρ k (t) according to the fidelity defined in Eq. (2) serves as a LO,
We again define the dynamical free energy density:
(31) and probe the non-analyticities in the dynamical free energy density F F U signalling the real time DQPTs. As the Hamiltonian which generates the time evolution of the system acts only on the subspace {|1 k , |4 k }, the eigenvalues of the density matrix ρ k (0) i.e., p 
We again note that all the terms on the right hand side of Eq. (32) are positive, it does not vanish as all the p k i 's are nonzero, however small they may be. Since, the state preparation protocol is dissipative, the non-analyticities are wiped out and the Lindbladian evolution leads to an initial mixed density matrix. Hence, starting from a mixed state, the LO constructed from the fidelity between density matrices does not indicate the occurrence of any DQPT (Fig. 3(a) ) even when the subsequent dynamics is unitary.
C. Interferometric phase induced Loschmidt overlap
Simplifying Eq. (19), we define the LO between two density matrices in this approach as , (33) with the associated dynamical free energy density:
Unlike the LO constructed from the fidelity, Re[L I U (t)] can assume both positive and negative values while the former is a positive definite measure; this, in turn, renders the possibility of observing DQPTs through the interferometric measure. Recalling that the time-independent final Hamiltonian H f is diagonal in the subspace {|2 k , |3 k } we write an effective 2 × 2 Hamiltonian
Also the density matrix just after the quench for each k mode is observed to be diagonal in the subspace {|2 k , |3 k } implying that the post-quench dynamics of the system is effectively same as the unitary evolution of a two-level system connecting the states {|1 k , |4 k }. Let us again make recourse to the 2 × 2 matrix,
where
The critical times and critical momenta of the DQPTs are determined by the zeros of the LO, i.e.,
(36) The above equation simplifies to (see Appendix. D), 
and the critical times are solutions of,
The expression for the critical times, i.e., Eq. (39) clearly imposes a bound on the coefficient C k * for the existence of DQPTs which is
What is remarkable is that, the bound on C k * imposes a condition on the dissipation strength κ and the duration of the ramping τ which defines a specific region in the κ − τ plane which supports the existence of DQPTs following a dissipative state preparation (Fig. 4(b) ). We further note that no such bounds exist in the case when the bath is absent during the state preparation [71] . This constraint relation is unique to the present work where one must take into consideration the 4-level nature of the decoupled Hamiltonian for each momenta when the unitary dynamics sets in. This constraint arises because the Hamiltonian generating the unitary dynamics acts only on the subspace spanned by {|1 k , |4 k }.
In analogy with equilibrium phase transitions, we can now consider the LO as a dynamical order parameter which can distinguish between the dynamical phases in the κ − τ plane. When C k * ≥ 1/2, k * s can always be found for which the LO is zero (gapless). On the other hand, the LO remains non-zero (gapped) for any k when C k < 1/2. Thus, we find the semblance of a phase transition from a gapless LO to a gapped LO phase separated by critical boundary in the κ − τ plane parametrized by critical κ c and τ c . Therefore, tuning κ and τ , one can drive the system form one phase to the other.
V. EXPERIMENTAL POSSIBILITIES
In a recent experiment [38] , DQPTs have been directly observed in interacting many body TFIM simulated in a trapped ion system. In the reported experiment, the ground states of the initial Hamiltonian span a degenerate manifold. For the case of degenerate ground states, the pure state LO is redefined to be the return The interferometric free energy density shows non-analyticities signalling DQPTs for a TFIM (system size L = 500) during an unitary evolution following a dissipative density matrix preparation. The initial mixed state is prepared by slowly ramping the external magnetic field h from hi = 0.5 to h f = 1.5 across a QCP over a time span of τ = e with the dissipation strength κ = 0.01. Inset: The real part of the interferometric LO for the critical momenta (k * ) vanishes at a critical time t * satisfying the condition for criticality Eq. (39), thus signalling DQPTs.
probability of the time evolved state to the complete ground state manifold. The rate function (or the return probability) measured by performing repetitive projective measurements on the time evolved state shows nonanalyticities in the thermodynamic limit when the time evolved state reaches the perfectly symmetric combination in the ground state manifold. Defining a similar generalized LO in the interferometric approach, one may observe non-analyticities in the rate function during the transition of the system between different steady states. This possibility is higher for the chosen type of bath, as the ground state manifold of the initial Hamiltonian is invariant in time under the action of the Lindbladian defined in Eq. (12) . In recent experiments [89] using combinations of weak and strong measurements, it has been possible to measure all the elements of a mixed state density matrix in a chosen basis. Similar experimental ventures will make the tomography of many-body mixed state density matrices possible which in turn will result in the possible measurement of the dissipative rate function showing dissipative DQPTs. Although the chosen bath being local in the JW fermions, is difficult to realise for spin chains, implementation for a similar bath would indeed be plausible in the one dimensional Kitaev chain.
VI. CONCLUDING COMMENTS
In this work, we have considered two different versions of LOs, one extracted from the fidelity and other from the interferometric phase, both of which reduce to the exact form of the LO in the pure state limit. The initial aim here is to explore DQPTs and study a dissipative evolution following a sudden quench in the Hamiltonian. The fidelity induced Loschmidt overlap is found to be inappropriate to capture any DQPT for a dissipative evolution. As for the interferometric phase induced LO, the existence of a dissipative steady state, takes the system away from any dynamical criticality until finally the dynamics freezes into the steady state. However, a second quench after the system has reached the steady state, drives the system towards a different steady state and remarkably, dissipative DQPTs are indeed possible during the inter steady state dynamics as shown in Fig. 2(b) . This possibility of inter-steady state DQPTs is uniquely unravelled in the interferometric phase approach and has not been reported earlier.
In contrast to the dissipative post quench evolution, we also study the situation of unitary post quench dynamics following a dissipative state preparation by ramping the external magnetic field of a TFIM across a QCP; the effect of two competing time scales, the quenching rate τ and κ −1 , on the subsequent unitary dynamics when the bath is removed, is explored in the context of DQPTs. Fig.3 presents results obtained in the fidelity approach where we show the smoothening of DQPTs as reflected in the associated dynamical free energy density as in Eq. (32) . On the contrary, considering the dynamical free energy density defined in the interferometric phase approach one obtains a condition Eq. (40) which can be identified with a bound on the population of the subspace spanned by {|1 k , |4 k }. We reiterate that this condition is an artefact of dissipative state preparation and is unique to the present study. This constraint relation also marks the boundary in the κ − τ plane between two dynamically inequivalent phases, in one the LO vanishes for the critical mode k * , while in the other no critical mode can exist and therefore the LO never vanishes. Thus, we find a phase transition like situation from a gapless LO to a gapped LO phase separated by the critical boundary. We conclude with the note that the results presented in this paper would hold true for any generic bath that is local in JW space in any JW solvable system. ACKNOWLEDGEMENT AD acknowledges SERB, DST, New Delhi and SB acknowledges CSIR, New Delhi for financial support. We shall elaborate on the set of 4 × 4 linear coupled first order differential equations determining the evolution of the time evolved density matrix for a particular k in the basis spanned by the states
Expanding the Lindblad master equation in Eq. (13), we find:ρ
whereρ k mn = dρ k mn /dt; g = sin k and c = cos k + h f , are parameters of the Hamiltonian. The above 10 equations along with complex conjugates of the off-diagonal terms constitute the dynamics of the complete system for the mode k. The coupled equations (A6) to (A10) as well as their complex conjugates are evidently independent of the terms ρ k 14 , ρ k 41 and the diagonal terms of ρ k (t). We note that all off-diagonal terms of the density matrix except ρ k 14 and ρ k 41 are identically zero initially at t = 0. Therefore, the above equations imply that these off-diagonal components will remain fixed to zero throughout the temporal evolution of the density matrix. Also, the vanishing of ρ k 2i ∀ i = 2 and ρ k 3j ∀ j = 3, clearly indicates that the states |2 k and |3 k can differ from the eigenstates of the time evolved density matrix only by a phase. Therefore, identifying the eigenstates of ρ k (t) with {|ψ
, it is clear that |ψ The fidelity between two density matrices ρ and σ can be rewritten in the two dimensional basis of |1 k and |4 k as, (F 1 (ρ(0), ρ(t))) 2 = Tr [ρ(0)ρ(t)] + 2 (det ρ(0))(det ρ(t)). 
Summing up Eq. (C2) and Eq. (C3), we obtain the fidelity in the reduced space spanned by the vectors |1 k and |4 k . Now, as the space of |2 k and |3 k is decoupled from the space of |1 k and |4 k as explained in Appendix A, the total fidelity separates as,
where F 2 is the fidelity between ρ k (0) and ρ k (t) in the basis of |2 k and |3 k . Since, both the initial and the time evolved density matrices are diagonal in this basis and since, in the post quench unitary evolution the eigenvalues of the density matrix does not change with time,
Combining the results in Eq. (C4) and Eq. (C5), we obtain the complete fidelity induced LO in Eq. (32) of the main text.
